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A quadruple (M, g, f,u), where (M, g) is a pseudo-Riemannian manifold of
dimension n, f is a smooth function on M, and p € R, is said to be a generalized
quasi-Einstein manifold if the tensor Hes; +p — udf ® df is a multiple of the
metric, i.e.

(1) Hesf+p — pdf @ df =g forsome XeC™(M).

There are several important families of generalized quasi-Einstein manifolds pre-
viously investigated in the literature: Einstein metrics, gradient Ricci almost
solitons, conformally Einstein metrics, static spacetimes, (see also [1]).
Equation (1) provides information on the curvature of the manifold since it
involves the associated Ricci tensor. We shall impose various conditions on the
Weyl tensor to obtain related families of generalized quasi-Einstein manifolds.
One could assume, for example, that (M, g) is locally conformally flat; this con-
dition turns out to be quite restrictive [4]. Other natural conditions on the con-
formal curvature were previously considered for 4-dimensional manifolds, namely
half conformal flatness (i.e., (M, g) is either self-dual or anti-self-dual). One has
that half conformally flat quasi-Einstein manifolds are locally conformally flat in
the Riemannian setting [3,5]. The key point in this analysis is that, in definite
signature, the level hypersurfaces of the potential function are non-degenerate



and have constant sectional curvature. However, this need no longer hold true if
the signature is indefinite.

In this work, we shall examine 4-dimensional generalized quasi-Einstein man-
ifolds in neutral signature (2,2) aimed to describe the local structure of those
which are half conformally flat, but not locally conformally flat.
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